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Scalar material derivatives

Flow field Φt0 : Ω × [tmin, tmax ] 7→ R
n, s.t.:

d

dt
Φt0(x, t) = β(Φt0(x, t), t)

Φt0(x, t0) = x

with velocity field

β : Ω × [tmin, tmax ] 7→ R
n, Ω ⊂ R

n

(Φt0(x, t), t)

β

(x, t0)

The total time derivative of a scalar function u(Φt0 (x, t), t):

d

dt
u(Φt0(x, t), t)|t=t0

= β(x, t0) · gradu(x, t0) +
∂u(x, t)

∂t
|t=t0

= lim
τ→0

u(x, t0) − u (Φt0(x, t0 − τ), t0 − τ)

τ

d

dt
Φ∗

t0,t
u(x, t)|t=t0

Pullback
= lim

τ→0

u(x, t0) − Φ∗
t0,t0−τ

u(x, t0 − τ)

τ



Differential Forms

Differential forms ωp act on p dimensional manifolds Mp!

ωp(Mp) :=
∫

Mp
ωp

Pullbacks leave the integrals invariant:
∫

Ωp
Φ∗

t,t0
ωp =

∫

Φt,t0
(Ωp)

ωp

Examples in 3D:

◮ 0–forms ↔ point evaluations :

Φ∗
t,t0

ω0 = ω0 ◦ Φt,t0

◮ 1–forms ↔ line integrals:

Φ∗
t,t0

ω1 = Dx ΦT
t,t0

ω1 ◦ Φt,t0

◮ 2–forms ↔ surface integrals:

Φ∗
t,t0

ω2 = det(Dx Φt,t0)Dx Φ−1
t,t0 ω2 ◦ Φt,t0

◮ 3–forms ↔ volume integrals:

Φ∗
t,t0

ω3 = det(Dx Φt,t0)ω3 ◦ Φt,t0



Material derivatives of forms

We consider the limit for differential p-forms ω:

d

dt
Φ∗

t0,t
ω(x, t)|t=t0

= lim
τ→0

ω(x, t0) − Φ∗
t0,t0−τ

ω(x, t0 − τ)

τ

p-forms are linear forms on p-dim. manifolds (
∫

M
ω(x)dx := ω(M)):

d

dt
ω(Φt0(M , t), t)|t=t0

=

d iβ ω(M , t0) + iβ dω(M , t0)
︸ ︷︷ ︸

Lie-derivative Lβ

+
∂ω(M , t)

∂t
|t=t0

β

Φt0(M , t0 + τ)

M

d: exterior derivative
iβ: contraction/interior product

iβ ω(M) := lim
τ→0

ω(Extτ (M , β))

τ
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β

Φt0(M , t0 + τ)

M

Extτ (M , β)

1-form a in R
3: Lβ a = grad(β · a) − β × curl a



Semi-Lagrangian Galerkin Methods

Simple Euler step (ω: p-form, η: n − p-form)

∫

Ω

d

dt
Φ∗

t0,t
ω(x, t)|t=t0

∧ η(x) dx =

lim
τ→0

1

τ

(∫

Ω

ω(x, t0) ∧ η(x) dx −

∫

Ω

Φ∗
t0,t0−τ

ω(x, t0 − τ) ∧ η(x) dx

)

Direct method:

≈
1

τ
(

∫

Ω

ω(x, t0) ∧ η(x) dx−

∫

Ω

Φ∗
t0,t0−τ

ω(x, t0 − τ) ∧ η(x) dx)

β

(Φt0(x, t0 − τ), t0 − τ)

(x, t0)

Adjoint method:(Φt(Ω) = Ω)

≈
1

τ
(

∫

Ω

ω(x, t0) ∧ η(x) dx−

∫

Ω

ω(x, t0 − τ) ∧ Φ∗
t0−τ,τ

η(x) dx)

β (Φt0−τ (x, t0), t0)

(x, t0 − τ)



Application: Eddy-current model in moving media

Reduced Maxwell’s equation:

d e = −∂tb

d h = j

j = ∗σ(e + iβ b)

∗µh = b

ẽ=e+iβ b, d b=0
−→

d ẽ = −∂tb − d iβ b − iβ d b
︸ ︷︷ ︸

Material derivatived h = j

j = ∗σẽ

∗µh = b

Semi-discrete h-based formulation ⇒ adjoint method:

∫

Ω

µ h(x, t) ∧ h′(x) − µ h(x, τ) ∧ Φ∗
t−τ,th

′(x)dx

= −τ

∫

Ω

1

σ
d h(x, t) ∧ d h′(x)dx

Semi-discrete a-based formulation ⇒ direct method: (d a = b)

∫

Ω

σ a(x, t) ∧ a′(x) − σ Φ∗
t,t−τ

a(x, τ) ∧ a′(x)dx

= −τ

∫

Ω

1

µ
d a(x, t) ∧ d a′(x)dx



Discrete Differential Forms

differential forms ωp act on p dimensional manifolds Mp!
ωp(Mp) :=

∫

Mp
ωp

Discrete setting:
prescribe ωp on finitely many Mk

p

(vertices k = i , edges k = (e1, e2) . . . ).

Interpolation of Mp → approximation
ωp(Mp) ∼=

∑

k ak(Mp)ωp(M
k
p)

M0 M1

Limit procedure → Whitney forms ωk
p

ωp(x) ∼= ωh
p(x) =

∑

k ωk
p(x)ωp(M

k
p ), ωk

p(x) := lim
Mp→x

ak(Mp)

◮ p = 0: ωi
0 Linear Finite Elements

◮ p = 1: ωe
1 Edge Elements

=⇒ back in FEM-setting, but conforming!



Discretization strategies

How to evaluate for e.g. lowest order Whitney 1-forms ωN , ηN
∫

Ω

Φ∗
t0,t0−τ

ωN(x, t0 − τ) ∧ ηN(x) dx ?

1.) Local quadrature based on point values at xq:

Φ∗
t,t′ωN(xq, t

′) = Dx Φt(xq , t
′)TωN(Φt(xq, t

′), t ′)

with

{
d
dt

Φt0(xq, t) = β(Φt0(xq, t), t); Φt0(xq, t0) = xq

d
dt

Dx Φt0(xq, t) = Dx β(Φt0 , t)Dx Φt0(xq, t); Dx Φt0(xq, t0) = Id
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Discretization strategies

How to evaluate for e.g. lowest order Whitney 1-forms ωN , ηN

∫

Ω

Φ∗
t0,t0−τ

ωN(x, t0 − τ) ∧ ηN(x) dx ?

2.) Edge interpolation:

ω̃N(x, t ′) := ΠNΦ∗
t,t′ωN(x, t ′)

ω̃N(x, t ′) =
∑

e

se ωe
1 with se =

∫

e

Φ∗
t,t′ωN(·, t ′)
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Discretization strategies

Important observation for a smooth form and aN Whitney form:

Lβa = grad(β · a) − β × curl a = D βTa + D aβ

(D aNβ)|T = (−
1

2
β × curl aN)|T

Consequence:

◮ Any discretization of the Lie-derivative Lβ based on point-values is

at least consistent with D βTa − 1
2β × curl a.

◮ Presumable failure of Semi-Lagrange based on quadrature.



Discretization strategies

Important observation for a smooth form and aN Whitney form:

Lβa = grad(β · a) − β × curl a = D βTa + D aβ

(D aNβ)|T = (−
1

2
β × curl aN)|T

Consequence:

◮ Any discretization of the Lie-derivative Lβ based on point-values is

at least consistent with D βTa − 1
2β × curl a.

◮ Presumable failure of Semi-Lagrange based on quadrature.

Numerical experiment: Eddy current problem

◮ unstructured, tetrahedral mesh on [−1, 1]2,

◮ a(x, t) = cos(πt)(sin(πx1)(1 − x2), (1 − x2
1 )(1 − x2

2 ))T ,

◮ β = 0.66((1 − x2
1 )(1 − x2

2 ), sin(πx1) sin(πx2))
T ,

◮ f(x, t) := ∂ta(x, t) + D β
Ta+ Daβ + curl curl a,

◮ fmod(x, t) := ∂ta(x, t) + DβTa− 1
2β × curl a + curl curl a,



Discretization strategies

Discrete evolution for:

∂ta(x, t) + grad(β · a) − β × curl a + curl curl a =

{

f left figure

fmod right figure

f with complete Lie derivative:
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Interpolation
Quadrature

fmod with incomplete Lie derivative:
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Interpolation
Quadrature

◮ Quadrature-based Semi-Lagrange solves different problem!

◮ Interpolation-based Semi-Lagrange is O(h + ∆t).



Convection-Diffusion of 1-forms: Stability

ǫ = 1
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Semi−Lagrangian
Implicit Euler
Semi−Implicit Euler

ǫ = 10−5
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Semi−Lagrangian

Implicit Euler

Semi−Implicit Euler

◮ Semi-Lagrange: (M + ǫ∆tC) ak+1 = MPak + ∆t(f1 + f2)

◮ Implicit Euler: (M + ǫ∆tC + ∆tL2) ak+1 = Mak + ∆tf2

◮ Semi-Implicit Euler: (M + ǫ∆tC) ak+1 = (M − ∆tL2) ak + ∆tf2

P: nodal interpolator of pullback
L2: stiffness matrix for

∫

Ω β × curlA ∧A′dx



Conclusions and Further Issues

Conclusions

◮ Semi-Lagrange formulation based on
◮ nodal interpolation works
◮ quadrature fails

◮ Constraint div b = 0 in Eddy current:
◮ strong preservation in a-formulation (curl a = b)
◮ weak preservation in h-formulation (d ΠNΦ∗ = ΠNΦ∗ d)

Further Issues

◮ convergence theory

◮ stability

◮ Φ(Ω) 6= Ω

◮ generalization to higher order ansatz
spaces

◮ piecewise polynomial approximation of
flow of edges

◮ 3D applications
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