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Overview of the method

• Simulation of Helmholtz type equations
with locally periodic coefficients.

• Application: big networks of photonic
crystal (PhC) structures.

• Challenge: avoid scale resolution.
nDOFs scales as O(n2) with number of
periods n.

• g-FEM approach with multiscale basis
functions.

• Micro basis: problem adapted basis
functions.

• Macro basis: polynomials.

[IBM Research]
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Overview

� Overview

� Previous work

� Mathematical Modelling of PhCs

� Connection to infinite PhCs

� Multiscale FEM

� Numerical Results

� Conclusion and outlook
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Previous work

• Simulation of infinite PhCs:
FDTD, MMP, FEM, . . .

• Simulation of finite PhCs:

• by FDTD [Lavrinenko et al., 2004],

• by Wannier functions [Hermann et al., 2008],

• by an expansion in a basis of Bloch modes from the infinite
crystal [Jiang et al., 2005] and [Istrate et al., 2005].

• This work extends a multiscale FEM approach
[Matache et al., 2000, Rüegg, 2002].

• Joint work with Kersten Schmidt and Christoph Schwab.
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Governing Equations
• Scalar wave equations for e, h in R2

−∇·∇e(x) =

(
ω

c0

)2

ε(x)e(x) (TM mode),

−∇·
(

ε
−1(x)∇h(x)

)
=

(
ω

c0

)2

h(x) (TE mode).

• TE/TM modes are of Helmholtz type

∇·(a(x)∇u(x)) + b2(x)u(x) = 0.

Locally periodic material with unit cell Ω̂

ε (x + a1) =ε (x) for all x ,x + a1 in Ωcr,

ε (x + a2) =ε (x) for all x ,x + a2 in Ωcr.

x2

x1a1

a2
Ω̂
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Model problem – PhC barrier
crystal with np = 5 periods, incident plane wave eik incx ,

k inc = (0,k)

x2

x1

uinc

Γnref Γnref

Γper

Γper

find u in H1(Ω)

∇·
(
a(x)∇ u(x)

)
+b2(x)u(x) = 0 for all x in Ω

u(x + a1) =u(x) for all x on Γper

∂nu(x)− ib0u(x) =∂nuinc(x)− ib0uinc(x) for all x on Γnref
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Variational formulation

H1
per(Ω) :=

{
u ∈ H1(Ω) : u(0,x2) = u(a1,x2) ∀x ∈ Ω

}
.

Find u ∈ H1
per(Ω), such that

Φ(u,v) =f (v) for all v ∈ H1
per(Ω),

Φ(u,v) :=
∫

Ω
a(x)∇u(x) ·∇v(x) dx−

∫
Ω

b2(x)u(x)v(x) dx

+ ib0

∫
Γnref

u(x)v(x) dS

f (v) :=−
∫

Γnref
a(x) ∂nuinc(x)v(x) dS + ib0

∫
Γnref

uinc(x)v(x) dS
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PhC barrier – example solutions (TM mode)

(top view, np = 1)

(bandgap frequency, np = 5)

(side view, np = 1)

(propagating frequency, np = 5)
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Floquet Bloch transform
Floquet-Bloch transform F : Hs(R2)→ Hs(Ω̂×B)

ũ(k ,x) = (Fu)(k ,x) =
1
|B|

e−ik ·x
∑

m∈Z2

u(x−am)eik ·am ,

u(x) = (F−1ũ)(x) =
∫

B
eik ·x ũ(k ,x) dk .

• Brillouin zone B = [−π/|a1|,π/|a1|]× [−π/|a2|,π/|a2|].

• Functions eik ·x ũ(k ,x) are called Bloch modes.

• Solution is a superposition of Bloch modes.

• each Bloch mode has to solve the Helmholtz equation
e.g. for TM mode: Find (k ∈ C2,ω ∈ R, ũk ∈ H1

per(Ω̂)/{0})

(∇+ik)T (∇+ik) ũk (x) +

(
ω

c0

)2

ε(x)ũk (x) = 0.

• Assumption: Bloch modes capture micro scale behavior
in finite crystals.
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Unit cell problem

• (from last slide) for TM mode: Find
(k ∈ C2,ω ∈ R, ũ ∈ H1

per(Ω̂))

(∇+ik)T (∇+ik) ũk (x) +

(
ω

c0

)2

ε(x)ũk (x) = 0.

• Linear (generalized) Eigenvalue problem: specify k ∈ C2 or
k ∈ R2, search for (ω ∈ R, ũk ∈ H1

per(Ω̂)/{0}).

• Quadratic Eigenvalue problem: specify ω ∈ R, use
representation k = λ

(
sin(θ),cos(θ)

)
, sample θ , search for

(λ ∈ R, ũk ∈ H1
per(Ω̂)/{0}).

• Both formulations are important.

• Solving using Standard FEM (p-FEM).
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Infinite Photonic Crystals – bandstructure 2D

[Engström and Richter, 2009]
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Infinite Photonic Crystals – bandstructure

TM, ωa/2π = 0.21
k/a = 2.81
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L2-projection with 2 Bloch modes ω̂ = 0.215
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L2-projection with 4 Bloch modes ω̂ = 0.615
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L2-projection with 2 Bloch modes ω̂ = 0.300
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Approximation with Bloch modes – summary

• Approximation quality nearly independent of np.

• Relative L2-errors less than 10−3 are reached.

• Problems close to the boundary, especially for bandgap
frequencies.

• Best approximation results of solutions computed with
Standard FEM.

⇒ Focus on FEM.

⇒ Relevant error norm relative H1-error, approximately factor
10 bigger than L2-error.
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Multiscale FEM – idea

• FEM discretisation V gfem
N ⊂ H1

per(Ω)

find uN ∈ V gfem
N : Φ(uN ,vN) = f (vN) for all vN ∈ V gfem

N (Ω),

where uN(x) =
N

∑
i=1

αib
gfem
i (x).

• Special multiscale basis functions

bgfem
i ,j (x) = bmacro

i (x) bmicro
j (x) = bmacro

i (x) eik j ·x bper
j (x)

• macro polynomial basis bmacro

• Bloch modes as micro oscillations bmicro
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g-FEM basis functions

x1

x2

u(x1,x2)

bper
bqp

bmicro

micro basis function:

bmicro(x) = eik ·xbper(x)

x1

x2

u(x1,x2)

K1 K2

bmacro

bgfem

g-FEM basis function:

bgfem(x) = bmicrobmacro
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g-FEM interface

K1 K2 K3K4 K5

Macro Mesh M macro

x2

x1

Micro Mesh M micro

• g-FEM in crystal cells K1, K2, K3
• standard FEM in air cells K4, K5
• special handling K1, K3

(global continuity)
parameters:
• pol. deg. p in air cells
• pmacro in g-FEM cells
• set of Bloch modes eik j ·x bper

j (x)

• pol. deg. pbloch
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Global C0-continuity

x1

x2

u(x1,x2)

Γover K1 K2K4

bgfem
1

bgfem
3

bgfem
2

• drop bgfem
2 , it can not be matched on Γover

• add special micro function bmicro(x)≡ 1
to match bgfem

3 in K1.
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Computation of matrix entries

b(u,v) :=
∫

K macro
f (x)u(x)v(x) dx

a(u,v) :=
∫

K macro
f (x)∇u(x) ·∇v(x) dx

• test with g-FEM basis functions

bgfem
i ,j (x) = bmacro

i (x) eik j ·x bper
j (x)

• Use quadrature from micro cells K micro.

• Integrate over macro cells K macro.
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Fast quadrature – assembly times
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naive quad
fast quad
scale resolution

crystal np×1 periods
• g-FEM: pmacro = 4, 3 micro oscillations
• scale res: p = 8
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Fast quadrature – idea

Example: mass bilinear form

b(bgfem
i ,bgfem

j ) =
∫

K macro
f (x) bmacro(x) bmacro(x)(
bper(x) eik i ·x

)(
bper(x) e−ik j ·x

)
dx

=
np−1

∑
l=0

ei(k i−k j )·la2

∫
Ω̂

f (x̂) bmacro(x̂ + la2) bmacro(x̂ + la2)(
bper(x̂) eik i ·x̂

)(
bper(x) e−ik j ·x̂

)
dx̂ .

goal: factor out integration on Ω̂.
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Fast quadrature – idea
np−1

∑
l=0

ei(k i−k j )·la2

∫
Ω̂

f (x̂) bmacro(x̂ + la2) bmacro(x̂ + la2)(
bper(x̂) eik i ·x̂

)(
bper(x) e−ik j ·x̂

)
dx̂ .

• monomial expansion bmacro(x) = ∑ν∈[0,p]2 ανxν

• tensor product structure
• binomial theorem (x + l)ν = ∑

ν

k=0
(

ν

k

)
xν−k lk

• integral
∫

Ω̂
independent of l ⇒ precompute

• remaining sum ∑
np−1
l=0 al lk

=


Bernoulli polynomials a = 1,

Geometric sum k = 0,

derivative of Geometric sum otherwise.

• in each case, evaluation time independent of np.
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Comparison to standard FEM
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=100, g−FEM

error independent of np
(ω̂ = 0.625, 4 Bloch modes)
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Convergence for different frequencies
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• ω̂ = 0.625, 4 Bloch modes

• ω̂ = 0.215, 2 Bloch modes

• ω̂ = 0.300, 2 Bloch modes, positive decay direction
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Conclusion and outlook

• Effective method for finite crystals.

• nDOFs independent of np.

• Computational time independent of np.

• Problem: high condition numbers (1020).

• Works for propergating and bandgap frequencies,

• Works for non-perpendicular incident fields,

* finite 2D crystal and PhC waveguide,

* robust convergence analysis,

* 1D, 3D simulations,

* large crystal simulation and comparison to measurements.
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Thank you for your
attention.
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