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Introduction

LetV — H = H’ — V' be a Gelfand triple of separable Hilbert
spaces. Consider the abstract parabolic equationint € J C R

du+Au=g, u(0)=heH (PDE)

where
»g:J—V/
» A:J — L(V,V)
»u:J—V

(PDE) models
» heat conduction, e.g.

Hj(D) =V —H =L*D) 2 H' < V' =H (D)

» option pricing, etc
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» option pricing, etc



Introduction

Numerical solution of (PDE)
» many (adaptive, multi-level) Galerkin methods exist
» essentially variations on the “method of lines”

Issues
» compression of u as a function of “space-time”
» efficient algorithms for computing the compressed u
» provable error and complexity bounds
» design of stable finite element spaces*



Introduction

Numerical solution of (PDE)
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Issues
» compression of u as a function of “space-time”
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* does not arise in the adaptive wavelet method [SS09]
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Introduction — continued

Class of stable FE spaces: key steps

>

>

>

variational formulation of (PDE) in space-time

test space suitably finer than ansatz space (generic)
anisotropic (tensor product) wavelets in space-time
sparse tensor product spaces in space-time

derivation of a non-square (overdetermined) linear system
corresponding normal equations are well-conditioned
iterative solution (= residual minimization)



Variational formulation

The variational formulation, based on the bilinear form

b:L2(J;V)NHYJI; V) xL%(J;V) x H = R,

u V:V]_ XVZ

b(u,v) = /(Otu + AU, V1 )yrsev dt + (u(0), v2)u
J
and the linear functional
f: LZ(J;V) xH—=R, f(v)= /(g,v1>\,,xvdt + (h,vo)y,
%/_/ J
V:V]_XVZ
reads: find u € U s.t.

b(u,v) =f(v) W eV



Variational formulation

Assume Ja > 0,c e Rs.t. V(,n e V:
> SUPey [|A()]|£v,vry < oo
» J ot — (A(t)(,n)v/xv Measurable
> (A()n,n)vrsv +C|[nll3 > alln||3 forallt € J
and
» g ecl?(J;V)
» heH.
Then “b(u,-) = ()" is well-posed [SS09]. In particular,

inf b(u, v)

— > 0.
uet\{0}vey\joy [[UllulIVIlv

Below assume: c =0and A=A’ butnot A~(t) e K(V/,V)



Abstract stability result

Theorem
LetRCU and S =S, x So CV; x Vo, =V be subspaces.
Assume

» there exists K(S1) > 0 such that
(z, Z)vixn

vz'e Sp: [Z]sp = sup

> ()12
zeS51\{0} ||Z||V1

» RCS;and R C &
» Rli_g={u(t=0)eH:ueR}CS,
Then: 3y > 0, only dependent on X(S;) and A, such that

inf S M >~ >0.
ueRr\{0} ves\foy UllulVI[v



Abstract stability result

Btw:

vzl e S |Z|s = sup
Voesivor 1zl

is equivalent to

. (2, Z)yrxv
inf  sup Tt >
2’€51\{0} zes,\ {0} |z ||V£||Z||V1

<Z/’Z>V{><V1

> K(S1)l1Z'[lvy

K(S1)



Abstract stability result

Proof, step |

» Letu € 'R.
> Set Z = Vy = L2(3; V) with ||-||z = (-, )2,

<Z,Z>z = /<AZ,2>V’><V VZ,Z S
J

Note: [|-[[z ~ [[-[.zgv) = |[-[[v, andu e RS S, € Z.
» Define v, :=u(0) € Hand v; € §; by

<V17\71>Z = /(&u +AU,\71>V/><V V\71 €38,
J



Abstract stability result

Proof, step Il

» choosing vi = v, yields fact 1

b(u,(v1,Vv2)) = /J(atu + Au,V1)vrxv + (U(0), V)

= (v1,Vv1)z + (u(0),v2)H
2 2
= [[vil|Z + [IV2]l3,

» choosing v; = u yields fact 2
i)z = [ (@ + AUy
J
= /J(AU,U>v'xv +/J<3tU7U>V/xv

= llulz + 5 (IuCT)IE - lu()I)



Abstract stability result

Proof, step IlI

Using o0iu € 6;R C S1 we obtain fact 3

(BtU, Va)yr sy
K(Sy)lloully; < |oruls; = sup ——=—2

V1€Sl\{0} ‘ |vl | ‘Vl
fJ<atU + Au _Au7\71>V’><V
= sup _
V1€85:\{0} [IVa [y,
vi,V1)z — (U, V-
—  sup (v1, 1>{ (U,vi)z
V1€8:\{0} [Vl
~ s (Vi —u,vi)z [|Vi]|z
wesnor  Ivallz il

< [lve = ullzllld[[ £y, 2)

with [[1d]| £y, 2) = €SSSUP;c; HA(t)Hg(v vy



Abstract stability result

Proof, wrap up

We obtain

1
b(u, (v1,v2)) = [IvalZ + [[v2l5, > IIvallZ + [u(O)I[E — [Ju(T)II

2 2 2
Z |lva - ullZ + 1l
3
~2 2 2
> 52 (lloull3, + luliz )

with 5 = min{I(S1)|l1d|| ;3 z), 1}, and thus

b(u, (v1,V2)) = 5 \ Ikl Zo gy + U1 3/ IV IIE + Va1,
> HuHLz(J;V)mHl(J;V’) H(VLVZ)HLZ(J;V)XH

with  ~ 7.



Abstract stability result

Assumptionson R CUand S =851 x S TV x Vo =V
» there exists X(S1) > 0 such that

. (2, Z)yrxy
inf  sup A4ias

T S K(S
LT O T

» RCS;and R C &
» Rli_g={u(t=0)eH:ueR}CS,
can be relaxed (numerics below).



On condition X(S;) > 0

Lemma

Assume
» S; CV satisfies

/
in SLshviv 5 sy 50
s'€S1\{0} ses,\{0} |IS'[Iv[[S|lv

» similarly m(él) >0forS; CV
» subspaces E,E C L2(J) are orthogonal in L2(J)
Then Sy := (E ® S1) + (E ® S1) C L2(J; V) satisfies

K(S1) > inf{x(S1), 5(S1)} > 0.

Note: generalizes to E,E, ... C L2(J).



On condition X(S;) > 0

Proof of Lemma: dimE = dimE = 1
Letv € Sand V € S (subscripts omitted). Let E = span{e} and
E = span{e},v =e®sandVv = e ®s. By assumption, 3s’ € S:
> #&(S) [Isllv [Isllv < (s',S)vixv
> w.l.og. [|s'|lv = |[slv

and S|m|IarIy for some &’ € S. Therefore, v/ := e ® s’ and
= e ® s’ are orthogonal in V and V', and moreover

HW+Wva+wv:wa$+wwaww%+wwe
= VIS, + 18112/ lisl 2 + 113112
— 118/ Iv-lsllv + I8 Iv- 181 v
< K(S)THV vy + (S)THV V)

< max{#(S) ™1, K(S) LV + V',V 4 V)prxy




On condition X(S;) > 0

Application of Lemma

Assume
» closed subspaces E(® Cc EM) C ... C L?(J)
» closed subspaces Sgo) C Sgl) CcC...CV
> m(Sy)) >k >0forall ¢ > 0.

Then for each L > 0 there holds

L
% (Z EO SiH)) > k> 0.
(=0

Proof: using F(®) := (E(f—l)) YNE®, r>1and FO .= EO),

L

Z E© ® S(L 0 Z (E(ﬁ 1) + F ) ® S:EL*Z) — i E©) ® S(sz)

(=0 £=0 (=0



Example

List of symbols

v

Timeinterval J = (0,T) CC R

Open Lipschitz domainD cc RY,d > 1

HI(D) =V < H = L2(D) 2 H' — V' = H-(D)
Initial datum h € L2(D)

Source term g € L?(J,H~}(D))

Conductivity g € L>°(D x J) uniformly positive,

v

v

v

v

v

0 < amin < essinfg < esssupg < amax <
DxJ DxJ



Example
(PDE) in strong form

Findu : D x J — R such that
du(x,t) — V- (q(x,t)Vu(x,t)) =g(x,t), (x,t)eD xJ
with initial condition
u(x,0)=h(x), xebD
and boundary condition

u(x,t) =0, (x,t)edb xJ



Example
(PDE) in weak form

Findu € 4 = L2(J,H3(D)) NH(J,H~1(D)) such that

// (Vlé)tu—i—un'Vvl)dxdt://gvldxdt
J3Jp 3.Jp
/u(O)vzdx :/hvzdx
D D

forallv = (v1,v2) € V = L2(J,H}(D)) x L(D),
where q, u, vi, g depend on (x,t), and u(0), h, v, on x

and



Example
(PDE) in weak form

With bilin. form b : &4 x V — R and lin. functional f : V — R,

b(u,v):/J/D(vlatquun-Vvl)dxdt+/Du(0)v2dx

f(v)://gvldxdt+/hv2dx,
JJp D

the variational formulation reads: find

and

ueld: b(u,v)="Ff(v) WeV



Example

Choice of temporal basis

Let©, = {0y : A€ To: |\ <L} CL?J)be
» a Riesz basis for its span uniformly in level L > 0:

18L cllie) ~ llell2 Ve € RFE:

» defined w.r.t. an equidistant partition of J = (0, T) with
width h ~ 2-t

» piecewise linear continuous
» s.t. [~ O rescales to a Riesz basis for H1(J)



©1 \ ©o

/ \
\I/ \[/
© \ &
/ \/ \/ \
\/ Y Y \/
\ J

Figure: Piecewise linear continuous biorthogonal B-spline wavelets



Example

Choice of spatial basis

LetY = {0, :pu€Zs:|ul <L} CL%D)be
» a Riesz basis for its span uniformly in level L > 0

» defined w.r.t. a sequence of quasi-uniform nested
triangulations of D c RY with mesh width h ~ 2t

> s.t. Uy Xe rescales to a Riesz basis for Hj (D)
> (s.t. Upso X¢ rescales to a Riesz basis for H-1(D))



Example

Choice of ansatz/test spaces |

Define full tensor product
» ansatz space R, C U spanned by

{0x@ 0, [N <L Jp| < pL}
» test space S| C V spanned by
{Oh®@ou: A <L+1,[ul <pL} x{ou:|ul <pL}

where p > 0 is the degree of anisotropy in the refinement



Example

Choice of ansatz/test spaces Il

Define sparse tensor product
» ansatz space R, C U spanned by

{03 @0, A+ pul < L)
» test space S| C V spanned by
{0x @0y, min{|A] = 1,0} + p~Hu| <L} x {0y, : |u| < pL}

where p > 0 is the degree of anisotropy in the refinement



Example

Formulation via residual minimization (FTP case)

The discrete version of the variational formulation: find

3 o— : lb(w,v) —f(v)|
L= arg min max
weRr, VeES\{0} [[V]ly
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Example
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Example

Formulation via residual minimization (FTP case)

The discrete version of the variational formulation: find

3 o— : lb(w,v) —f(v)|
L= arg min max
weRr, VeES\{0} [[V]ly

motivates, via Riesz bases (J,, ©¢ and [, ., the definition

u ;= argmin ||BLw — f||2 (argmin)
WeRdimRL

which defines u. = [0, ® £,]Tu_ € R.. In general u, # uy.



Example

Quasi-optimality

Theorem

The least-squares Galerkin solution u; exists, is unique and
converges quasi-optimally uniformly in L > 0: there exists
C > OsuchthatvL >0

[lu —ully < C inf |jw —ul|y.
w ERL



Example

Numerics | — smooth solution, FTP

Experimental set-up
»D=(-11)cCcRJI=(0T)withT =2
» conductivity in (PDE)isqg =1
» exact solution

u(x,t)=et cos%r, (x,t) € D x J,

» piecewise linear continuous B-spline wavelet basis
» degree of anisotropy in refinement p = 1



Example
Numerics | — smooth solution, FTP

10°

10"
—e—Error in L2(J, H{(D)) BTN
- - -Rate 1/2
—e—Error in L?(J, L?(D)) DN
- & ~Initial condition error in LQ(D) e

oY | R Rate 1

10°== - = - .

10 10 10 10 10

Total number of degrees of freedom

Figure: Convergence of the Galerkin solution u_ to a smooth u



Example

Numerics | — smooth solution, FTP

The system (argmin) is
» sparse
» well-conditioned
which suggests the use of an iterative least squares algorithm?

levelL | 12 | 2 [---| 5 | 6 | 7

ndof + 1 24 26 ... | 2% 214 | 216
# iterations 11 41 .- | 315 442 | 574
log, rel. res. || —1.51 | —2.08 | --- | —3.54 | —4.02 | —4.5

Table: The number of MATLAB’s | sqr iterations with tolerance 100,
the corresponding number of degrees of freedom, and the relative
residual on various discretization levels L for u,

1paige and Saunders, SIAM J. Numer. Anal, 12, 1975



Example

Numerics Il — rough solution, FTP

Experimental set-up
»D=(-11)cCcRJI=(0T)withT =2
source g = 1, initial conditionh =0
conductivity in (PDE) is q(x,t) = 1 — 3 sign(2 +x — 2t)
piecewise linear continuous B-spline wavelet basis

v

v

v

v

degree of anisotropy in refinement p = 1
reference solution on level L =7

v
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Figure: Conductivity g




Example

Numerics Il — rough solution, FTP

10°

[

10

10| —@—Error in X' S N,
—w—Error in L%(J, H}(D)) DR
—+— Error in L2(J, L?(D)) RRE .
- o -Initial condition error in L?(D)
10" 10° 10° 10*

Total number of degrees of freedom

Figure: Convergence? of the Galerkin solution u, to u;




Example
Numerics lll - FTP vs STP

Experimental set-up
»D=(-1,1)cRJI=(0,T)withT =2
» conductivity g = 1, initial condition h =0

source g(x,t) = cos(x + cos 3) sin? s

piecewise linear continuous B-spline wavelet basis

v

v

v

degree of anisotropy in refinement p = 1
reference FTP solution on level L =7

v



Figure: Source g (left) and solution u (right)
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Example
Numerics lll - FTP vs STP

- = =Rate 1/2
10 —w—FTP, error in X'
== Rate 1

\ —o—STP, error in X
- \

10° \\ S

10" 10° 10° 10

Total number of degrees of freedom

Figure: Convergence?® of the Galerkin solution: STP vs FTP




Outro

Review
» sparse tensor formulation of (PDE) in space-time
» inf-sup condition for the associated bilinear form
» quasi-optimality of the Galerkin least squares solution
» examples

In progress
» sparse discretization of parametric parabolic equations
» weighted spaces for corners of the space-time cylinder



Thank You!
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