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Sliding Interfaces *

@ Eddy Current model for simulation of
electrical machines.
\

@ Moving meshes for moving subdomains: — >
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Sliding Interfaces *

@ Eddy Current model for simulation of
electrical machines.

@ Moving meshes for moving subdomains: W

e Conforming meshes become
non-conforming: Sliding Interface

e Remeshing unnecessary

o No (convective) ov x B terms
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Temporal Gauged Eddy Current Equations

Q B =curlA
o1

3 H=y""B

Q [ g OA
ot
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Temporal Gauged Eddy Current Equations

Q B = curlA
H=,"!
X w8
Q [ g OA
ot
A ,
aaatl + curl ufl curlA; =j' in Q1
A )
a% + curl ugl curl A, =j' in Q5
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Properties of our scheme

o Interior Penalty / Nitsche's Method (cf. Stenberg 1998)
e Sparse and symmetric positive definite matrix

= Conjugate Gradient (CG)

3D Edge elements in 'interior’ of €1, €.

o and p can jump over I

Simple and efficient implementation on Computer

Robust w.r.t. mesh motion
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Survey of coupling techniques

e Additional Lagrange multipliers to enforce continuity (Belgacem
1999)

e Saddle point problem

@ Incorporate continuity requirement into approximation space (Rapetti
et al. 2002)

e Invert matrix in every timestep.

@ Primal-Dual Coupling across interface(Rodriguez, Hiptmair, and Valli
2005)
o Block skew symmetric system matrix.
@ Locally Discontinuous Galerkin (LDG) Alotto et al. 2002

o Larger stencil, i.e. system matrix is less sparse.
e Extension to 3D Edge functions?
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Overview

© DG-Treatment of Curl-Curl Problem
@ Theory
@ Numerical Evidence
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Curl-Curl Problem

@ Study model problem:

>38{+ curl L curl A =j (1)
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Curl-Curl Problem

@ Study model problem:

0 .
>§+curlu_l curlA+:cA=j (1)

Tho

|
Th1

Thi="Th1 U Tpo
Fn = set of all faces of T,
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Jump and Average operator

@ Interior face F € Fy:

[A]; :=ng x (A; —A2) (tangential jump)
{A}, == wiA1 +wAs (weighted average)

wr = pa/ (pa + p2), w2 =1 —ws
e Boundary face F = Fj, :

[A] :=ng x Ay (tangential jump)
{A}, = Ay (weighted average)
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Jump and Average operator

@ Interior face F € Fy:

[A]+ :=nf x (A1 — Ay) (tangential jump)
{A}, = wiA1 + woA (weighted average)

wy =1/ (1 + p2), wai=1—wq
@ Boundary face F = Fj, :

[A]+ :=ng x Ay (tangential jump)
{A}, = A (weighted average)
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Symmetric Weighted Interior Penalty (SWIP)

Find Ay € V} such that
aiW'P(Ah,A;,)Jre/Ah- ’h—/j"-A’h forall AL €V, (2
Q Q
where

aVP(A,A) ::/;FlcurlA-curlA'— > / {p curlA} - [A],
F

Q FEF)
-3 [t (Al S0 TR A A
Fer,’F Fer, 0 F

VuF =2/ (b1 + p2)

Raffael Casagrande (ETH Ziirich) Sliding Interfaces in Eddy Current Problems August 14, 2014 10 / 27



Symmetric Weighted Interior Penalty (SWIP)

Find Ay € V} such that

aEW'P(Ah,A’h)H/Ah- ’h—/i"-A’h forall Ahe Vi (2)
Q Q
where

apVP(A ) = /

ptcurlA-curl A’ — Z / {p curlA} - [A],
Q F

FeFy,
-3 [t (Al S0 TR A A
Fer, ' F Fer, © JF

Note: If test/trial functions are tangentially continuous functions, the
last three terms vanish.

VuF =2/ (b1 + p2)
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Approximation space V),

I e Edge Functions on 7j 1 and 7.
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Setup of numerical experiment

@ 4, 2y are two half spheres

@ Prescribe analytic solution
(sin(y), cos(z),sin(x)) "

@ Matching dirichlet boundary
conditions and right hand side.

Raffael Casagrande (ETH Ziirich) Sliding Interfaces in Eddy Current Problems August 14, 2014 12 /27



Relative H(curl) error vs. rotation angle

0.25 HCurl error vs. rotation angle

e—e Edge Functions R

[leurl (A —A)[ 2 /l|curl(A)]|.,

0.005 5 10 15 20 25 30

angle of rotation (degree)
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Relative H(curl) error vs. h

Converence for Hemispheres (CurlCurl)

o—e Edge Functions ‘

.

10
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Approximation space V),

Tho2 °

@ Piecewise Polynomials on Tj:
I Vh = 731[771]3

T e Discontinuous across element
h:]- boundaries
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Theorem (A priori error estimate)

Let A € V* := H(curl, Q) N H?(Pq) be a solution of the strong
formulation (1), and let A, € V, C PY[T]? solve the variational
formulation (2). Furthermore assume that n is sufficiently large. Then
there is C independent of h such that

IA = Anllsyp < C inf [[A = val[spp*;
vheEV),

and the discrete problem (2) is well-posed.

Definition

| \

2
2 —
HAHSW|P = H,Uf 1/2 CUl’lAHL2(Q) =4k H51/2A

z Yu,F 2
4 — ||[A
ot 2 Wl

2
2 2 _

HAHSWIP, « = [[Allswip + Z hr Hu 1/2 curIA)T

TETh

L2(OT)

v
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Approximation space V),

2
2 _l,,-1/2 12 ’Yu,
AL = /e[ oo fleall o+ > G Rl
2 2 _
[Allswip, * = [[Allswip + E hTHu sk curIA‘ ‘ .
L2(87)
TeTh

e first order Edge Functions R!
o Monk 2003[Lemma 5.52]

3y V5 Vst ng < (A = r(A)]|2p) < Ch'/? 1All22¢7y
VT €Ty, F € Fr

o Upper bound for approximation error: O(h°)
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Approximation space V),

Yu,F 2
vt 2 e ATl
]_"

2
2 _
[Allswip = HM 12 curIAHLZ(Q) T H 2 ‘

HAH%WIP, * = ||A||§WIP + 2 ht H g curIA’ ‘

2
= [2(3T)

o Piecewise Polynomials 731[77;]3
o Easily prove:

Fmp: Vs Vst [A = 7(A)[swips = O(RY)

o Upper bound O(h') independent of mesh position
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o First order edge functions Ry:
o fail at the sliding interface
o fail "generally” at boundary if inhomogeneous Dirichlet conditions are
weakly enforced.
e work for conforming mesh: jump terms drop out!

e P[T]® work but is expensive (10x dofs)
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Remarks

o First order edge functions Ry:

o fail at the sliding interface

o fail "generally” at boundary if inhomogeneous Dirichlet conditions are
weakly enforced.

e work for conforming mesh: jump terms drop out!

e P[T]® work but is expensive (10x dofs)

o Natural Idea: Combine the two approaches
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Relative H(curl) error vs. rotation angle

HCurl error vs. rotation angle

0.25 ‘ :
e—e Edge Functions R!
J— Pl T 3
0.20 [ f‘]
B X X Hybrid
g
g 015
==
=
<
|, 0.10
=
3
=
0.05
0.005 5 10 15 20 25 30

angle of rotation (degree)
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Relative H(curl) error vs. rotation angle

HCurl error vs. rotation angle

0.25
e—e Edge Functions R'
- Pl 7- 3
0.20 [ ’_’] ]
B X X Hybrid
g
3015 1
=
=]
<
I 0.10 1
=
3z
g
0.05 1
0.00
10° 107 10° 10! 10°

angle of rotation (degree)
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Relative H(curl) error vs. h

0 Converence for Hemispheres (CurlCurl)

e—e Edge Functions
— P'TP

X x Hybrid
o
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Relative H(curl) error vs. h

10° Converence for Hemispheres (CurlCurl)
e—e Edge Functions
— PTP
= X x Hybrid
Lo
X =
AVAVAY =101t 1
N \/ ?ﬂ‘\
:
§=0.57° H
107
107 10°
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Overview

© The Eddy Current Problem
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Eddy Current

o Implicit Euler timestepping

@ So far: No motion but non-conforming interface
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L? Convergence for Eddy Current

h Convergence Hemispheres

10°
e At=0002, P (T,)
(7(h2)

v 10"
=
=
=
|

£ s

.

0 =28.6°
10°
107 10°
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Nitsche's Method doesn't work with first order Edge Functions.
Discontinuous Polynomials P[T;]3 work robustly but are expensive.
Hybrid approach successful, little overhead and robust.

Proof of Convergence for Curl-Curl Problem.

Extension to Eddy Current works.
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Questions ?777?
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