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What is a Reaction Network

system: d components S = (S1, . . . , Sd)
with copy numbers X = (X1, . . . , Xd) ∈ Z = Nd

≥0,
spatially homogeneous:

“well stirred”
“thermally equilibrated”

reaction network: R elementary reaction channels

νs1 S1 + . . .+νsd Sd −→
ωs

ν ′s1 S1 + . . .+ν ′sd Sd, 1 ≤ s ≤ R

stoichiometric vectors: ηs = ν ′s − νs ∈ Zd

stoichiometric subspace: Σ = span {ηs}Rs=1
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Stochastic Dynamics and Master Equation
reaction rates (“cross section values”) are given by
propensity functions ωs : Z → R≥0, 1 ≤ s ≤ R

càdlàg process X(t) : for a single elementary
reaction at the moment t

X(t) = X(t−) + ηs,

then

X(t) = X(0) +
R∑
s=1

ηs Zs

(∫ t

0

ωs(X(τ)) dτ

)
,

where Zs, 1 ≤ s ≤ R, are
independent rate-one Poisson processes
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Stochastic Dynamics and Master Equation

X(t) = X(0) +

R∑
s=1

ηs Zs

(∫ t

0

ωs(X(τ)) dτ

)

transition operator P (t) : [0, 1]Z → [0, 1]Z

P ij(t) = P {X(t) = j | X(0) = i} for i, j ∈ Z

{P (t)}t≥0 is a commutative semi-group

infinitesimal generator Q : [0, 1]Z → RZ :

Qij = lim
t↓0

P ij(t)− δij
t

, where i, j ∈ Z

for the CME we have [Ethier and Kurtz, 2005] :

(Qq) i =

R∑
s=1

(ωs(i) qi+ηs − ωs(i) qi) , i ∈ Z
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Stochastic Dynamics and Master Equation
assume p0 ∈ Z:

p0
i = P {X(0) = i}

for t ≥ 0 consider p(t) ∈ Z:

pi(t) = P {X(t) = i}
forward Kolmogorov equation:{

ṗ = Ap,
p(0) = p0 ,

(ME)

where

A = Q∗ =
R∑
s=1

(Sηs − I) · diagωs
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Stochastic Dynamics and Master Equation
forward Kolmogorov equation:{

ṗ = Ap,
p(0) = p0

,

(ME)

depending on the propensity functions, describes:
chemical systems,
biological, systems → “systems biology”,
population models,
distributed systems and queueing networks.

Xautonomous ODEs, analytic solutions
♠ spatial supports of the solutions may be unfeasibly

LARGE (“curse of dimensionality”)
♠ transients may require careful treatment
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Kinetics models

We consider

ωs(i) = κs
θ(i)

θ(i− νk)

d∏
k=1

1Xsk(ik) , i ∈ Z,

κs > 0 is the rate of the sth reactions
Xsk = Z≥νsk for 1 ≤ k ≤ d
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Kinetics models
Further, we assume

θ(i) =
d∏

k=1

ik∏
jk=1

θk(jk) , i ∈ Z,

θk represents the interaction rate of the kth species
Then

ωs(i) = κs

d∏
k=1

1Xsk(ik) · ωsk(ik) , i ∈ Z,

where, for 1 ≤ s ≤ R and 1 ≤ k ≤ d,

ωsk(ik) =

νsk−1∏
jk=0

θk(ik − jk) , ik ∈ Z≥0.
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Kinetics models
Mass-action kinetics

θk(ik) = ik, ik ∈ Z≥0,

ωsk(ik) = νsk!

(
ik
νsk

)
=

ik!

(ik − νsk)!
, ik ∈ Z≥0.

Michaelis–Menten kinetics

θk(ik) =
ϑkik
υk + ik

, ik ∈ Z≥0,

with a constant ϑk > 0 and an integer constant υk ≥ 0

ωsk(ik) = ϑνskk

νsk−1∏
jk=0

ik − jk
υk + ik − jk

, ik ∈ Z≥0.
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Recent advances in solving CME I

van Kampen’s Linear Noise Approximation (LNA)
[van Kampen, 1992]

Moment Closure methods
[Hespanha and Singh, 2005, Gomez-Uribe and Verghese, 2007]

Chemical Langevin Equation (CLE) approximation
[Gillespie, 2000, Ethier and Kurtz, 2005]

closed-form solutions [Jahnke and Huisinga, 2007]

Finite State Projection [Munsky and Khammash, 2006] and the
sliding window abstraction [Henzinger et al., 2009]

adaptive bases, aggregation [Engblom, 2009,

Deuflhard et al., 2008, Hegland et al., 2007, Jahnke and Udrescu, 2010]
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Recent advances in solving CME II

Krylov subspace sparse exponential integrators
[MacNamara et al., 2008]

tensor methods: CP
[Jahnke and Huisinga, 2008, Hegland and Garcke, 2011]

tensor methods: TT, QTT
[Dolgov and Khoromskij, 2012, KKNS, 2013, K. and Schwab, 2013]

adaptive extraction of “principal”, “effective”
components: economical and robust
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Chemical Master Equation: Example
synthetic gene-regulatory circuit [Gardner et al., 2000]

∅
α1

1+V β−−−→ U, ∅
α2

1+Uγ−−−→ V,

U
δ1−→ ∅, V

δ2−→ ∅.

φ

φ U

V

gene 1 gene 2

Saturday, February 2, 13

[KKNS, 2013]
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Chemical Master Equation: Example
synthetic gene-regulatory circuit [Gardner et al., 2000]

bimodal solutions

[Iglesias et al., 2007]
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Chemical Master Equation: Example
synthetic gene-regulatory circuit [Gardner et al., 2000]

adaptive approach, [Deuflhard et al., 2008]
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Chemical Master Equation: Example
synthetic gene-regulatory circuit [Gardner et al., 2000]

4D toggle switch [Jahnke and Udrescu, 2010]
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Chemical Master Equation: Example
synthetic gene-regulatory circuit [Gardner et al., 2000]

4D toggle switch [Jahnke and Udrescu, 2010]
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Tensor Train representation
[Oseledets and Tyrtyshnikov, 2009a, Oseledets, 2009b,

Oseledets and Tyrtyshnikov, 2009b, Oseledets, 2011]

x is a d-dimensional n1 × . . .× nd-vector;
the TT decomposition of x
through the cores U1, U2, . . . , Ud
with ranks r1, . . . , rd−1:

xj1,...,jd =

r1∑
α1=1

. . .

rd−1∑
αd−1=1

U1(j1, α1) · U2(α1, j2, α2) · . . .

·Ud−1(αd−2, jd−1, αd−1) · Ud(αd−1, jd)

U1, U2, . . . , Ud are 2- and 3-dimensional arrays
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Tensor Train representation

xj1,...,jd =

r1∑
α1=1

. . .

rd−1∑
αd−1=1

U1(j1, α1) · U2(α1, j2, α2) · . . .

·Ud−1(αd−2, jd−1, αd−1) · Ud(αd−1, jd)

for k = 1, . . . , d− 1 implies a rank-rk representation of
the unfolding matrix X(k) :

X(k)
j1,...,jk; jk+1,...,jd

= xj1,...,jk,jk+1,...,jd

TT ranks = ranks of the unfolding matrices,
see Theorem 2.1 in either of

[Oseledets and Tyrtyshnikov, 2010, Oseledets, 2011]
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Tensor Train representation
=⇒ a robust and efficient algorithm for the low-rank TT

approximation of vectors,
[Oseledets and Tyrtyshnikov, 2010] or [Oseledets, 2011]

. . . if rank‖·‖F, εkX
(k) = rk for k = 1, . . . , d− 1,

then x has a TT ε-approximation of ranks r1, . . . , rd−1

with ε =
√∑d−1

k=1 ε
2
k.

∗ the storage cost and complexity are
formally linear in d:

d · n · poly (r1, . . . , rd−1) ,

where n ≥ n1, . . . , nd

WHAT ARE THE RANKS?
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Tensor Train representation

analogously for matrices and higher-order tensors:

Ai1,...,id
j1,...,jd

=

r1∑
α1=1

. . .

rd−1∑
αd−1=1

V1(i1, j1, α1) · V2(α1, i2, j2, α2) · . . .

·Vd−1(αd−2, id−1, jd−1, αd−1) · Vd(αd−1, id, jd)

→ vectorize A
→ permute the indices
→ TT
→ reshape V1, . . . , Vd
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Tensor Train representation

U1 U2 Ud−1 Ud

j1 j2 . . . jd−1 jd

xj1,...,jd
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Tensor Train representation

xj1,...,jd

U1 U2 Ud−1 Ud
α1 α2 αd−2 αd−1

j1 j2 . . . jd−1 jd
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Tensor Train representation

Tensor Train = Matrix Product States (MPS)
[White, 1992, White, 1993, Verstraete et al., 2004]

Hierarchical Tensor Representation is closely related
[Hackbusch and Kühn, 2009, Grasedyck, 2010a, Ballani and Grasedyck, 2012,

Kressner and Tobler, 2010, Kressner and Tobler, 2011]

XA textbook and an up-to-date survey of publications
on low-rank tensor methods are available

[Hackbusch, 2012, Grasedyck et al., 2013]
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Quantized Tensor Train representation
[Oseledets, 2009a, Khoromskij, 2011, Oseledets, 2010a]

assume nk = nk1 · nk2 · . . . · nklk (nk1, . . . , nklk ≥ 2)

“quantize” the kth “physical” dimension:

jk = jk1, . . . , jklk → (jk1, . . . , jklk) ,

where 1 ≤ jkmk ≤ nkmk for mk = 1, . . . , lk.
=⇒ j1 = j11, . . . , j1l1 , . . . , jd = jd1, . . . , jdld

↓
j11, . . . , j1l1︸ ︷︷ ︸
1st dimension

, . . . . . ., jd1, . . . , jdld︸ ︷︷ ︸
dth dimension

d “physical” dimensions
→ l1 + . . .+ ld “virtual” dimensions
vector: n1 × . . .× nd
→ n11 × . . .× n1l1 × . . . . . . ×nd1 × . . .× ndld
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Quantized Tensor Train representation

j1,1, . . . , j1,l1︸ ︷︷ ︸
1st dimension

, j2,1, . . . , j2,l2︸ ︷︷ ︸
2nd dimension

, . . . . . . , jd,1, . . . , jd,ld︸ ︷︷ ︸
dth dimension

TT decomposition→ QTT decomposition
TT cores→ QTT cores
TT ranks→ QTT ranks

r1,1, . . . , r1,l1−1︸ ︷︷ ︸
1st dimension

, r1, r2,1, . . . , r2,l2−1︸ ︷︷ ︸
2nd dimension

, r2, . . . . . . , rd−1, rd,1, . . . , rd,ld−1︸ ︷︷ ︸
dth dimension

the TT ranks of the original tensor are in boldface

∗ logarithmic storage cost and complexity:

d·l·poly (r1,1, . . . , r1,l1−1, r1, . . . . . . , rd−1, rd,1, . . . , rd,ld−1)

if l ≥ l1, . . . , ld
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A under the Finite State Projection
Finite State Projection set

Zn = {i ∈ Z : 0 ≤ ik < nk for 1 ≤ k ≤ d} ⊂ Z

instead of Z = Nd
≥0. Approximation:
{ωsk } ≈ {ω̃

s
k } ⇒? A ≈ Ã

{ω̃sk } are of low rank⇒? Ã is of low rank

[Dolgov and Khoromskij, 2012] gives the TT structure of A in
the case of a signaling cascade with monomial
propensities
[KKNS, 2013, K. and Schwab, 2013] analyze the general QTT
structure of A for the mass-action and
Michaelis–Menten kinetics
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Approximation of A
Theorem (Th. 17 in [K. and Schwab, 2013] )
For all s = 1, . . . , R and k = 1, . . . , d, assume that
‖ω̃sk − ωsk ‖`2 ≤

δ
d
√
R
‖ωsk ‖`2 , where ω̃sk has a QTT representation of

ranks bounded by rsk.
Then

∥∥∥Ã−A∥∥∥
F
≤ δ ‖A‖F and Ã has a QTT decomposition of ranks

q1, . . . , q1, q̂1, q2, . . . , q2, q̂2, . . . , . . . , q̂d−1, qd, . . . , qd

with q̂k = R for 1 ≤ k ≤ d− 1 and

qk =
∑

s=1,...,R:
νsk=ν

′
sk=0

2 +
∑

s=1,...,R:
νsk+ν

′
sk 6=0

3 rsk

for 1 ≤ mk ≤ lk − 1 and 1 ≤ k ≤ d.

In particular, νsk = ν′sk = 0 implies rsk = 1.
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Approximation of A

The number of parameters to store A:

full format: O
(
22dl
)

sparse format: O
(
2dlR

)
QTT approximation: O (d lR2r2),
where rsk ≤ r and lk ≤ l for all s, k

Example (polynomial propensities)
ωsk is a polynomial of small degree psk, then rsk = 2 (psk + 1)
uniformly in lk, see [Grasedyck, 2010b] or [Oseledets, 2013] .
For a fixed R, we achieve a logarithmic reduction
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Approximation of propensity factors

Lemma (Lm. 18 in [K. and Schwab, 2013] )
Let l ∈ N, ν ∈ Z : 1 ≤ ν < 2l − 1.
Then the 2l-component vector u with the entries

ui =

{
0, 0 ≤ i < ν
i!

(i−ν)! , ν ≤ i ≤ 2l − 1,

can be represented in the QTT format with ranks bounded by 2(ν+1).
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Approximation of propensity factors

Lemma (Lm. 19 in [K. and Schwab, 2013] )
Let υ, ν ∈ N. Assume that τ, µ ∈ R are such that τ ≥ 1 and µ > 1.
Consider the function g : [ν − 1 + τ, ν − 1 + µτ ]→ R given by

g(x) =

ν−1∏
j=0

x− j
υ + x− j

for x ∈ [ν − 1 + τ, ν − 1 + µτ ] .

Then for every p ∈ N there exists a polynomial P of degree p such that

‖P − λ‖C[ν−1+τ,ν−1+µτ ] ≤ Cρ
−p,

where ρ = µ+
√
2µ−1

µ−1 and C = 2 1
ρ−1 = 2 µ−1√

2µ−1+1
.
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QTT ranks of A
Michaelis–Menten kinetics

rsk = O
(
log

1

εsk
· log nk

)
+O

(
log2 nk

)
,

To achieve a relative accuracy δ, we set

εsk =
δ

2d
√
R
‖ωsk ‖ ,

then

r = O
((

log
1

δ
+ log d+ logR+ log n

)
log n

)
,

3Rr = O
(
R

(
log

1

δ
+ log d+ logR+ log n

)
log n

)
bounds the QTT ranks of A
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QTT ranks of A

Mass-action kinetics
If the kth species reacts under the mass-action kinetics,

3Rr = 6R (ν + 1)

bounds the corresponding lk − 1 QTT ranks of A
ν ≥ νsk, 1 ≤ s ≤ R

Mixed kinetics

→ the maximum of the two
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hp-DG discretization
LetM = {Jm}Mm=1 be a partition of J = (0, T ) into subintervals
Jm = (tm−1, tm), 1 ≤ m ≤M , and ρ ∈ NM≥0.

Pρ (M, X) = {p : J → X : p|Jm ∈ Pρm (Jm, X) , 1 ≤ m ≤M}

The Discontinuous Galerkin FEM formulation: find p ∈ Pρ (M, X)
such that

M∑
m=1

∫
Jm

〈ṗ−Ap, q〉dt+
M∑
m=1

〈
p+m−1 − p

−
m−1 , q

+
m−1

〉
= 0

for all q ∈ Pρ (M, X), where p−0 = p0 ,

p+m = lim
t↓tm

p(t) , p−m = lim
t↑tm

p(t) .
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... as a time stepping method

If p|Jm ∈ Pρm (Jm, X) are known for 1 ≤ m ≤ m̂− 1, then
p|Jm̂ ∈ Pρm̂ (Jm̂, X) can be found as the solution to∫

Jm̂

〈ṗ−Ap, q〉 dt+
〈
p+
m̂−1 − p

−
m̂−1 , q

+
m̂−1

〉
= 0

for all q ∈ Pρm̂ (Jm̂, X).

Kazeev (SAM ETHZ) Pro*Doc Retreat 2013 Kloster Disentis 15.08.2013 p. 15



Master Eq. TT and QTT CME operator hp-DG Experiments Steady states Conclusion Bib

Time step systems

(Cm ⊗ I−Gm ⊗A) · Pm = φm−1 ⊗p−m−1 ,

Properties [Schötzau and Schwab, 2000] :
Once the partition is fine enough, the DG formulation
is uniquely solvable.
Exponential convergence: a prescribed level of
accuracy ε can be reached with ρM = O (log ε−1)
temporal degrees of freedom.

Theorem
Assume that A is represented in the QTT or QT3 format in terms of d̃
cores with ranks r1, . . . , rd̃−1. Then the matrix of the DG system can
be represented in the corresponding format in terms of d̃+ 1 cores
with ranks 2, r1 + 1, . . . , rd̃−1 + 1.
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Summary & Implementation
hp-DG-QTT algorithm proposed
in [K., Reichmann and Schwab, 2012] , implemented in MATLAB:

implicit, exponentially convergent spectral time
discretization of discontinuous Galerkin type
TT-structured arithmetics and linear system solution
rely on the TT Toolbox

hp-DG-QTT solver + MATLAB 7.12.0.635 (R2011a) + a
laptop 2.7 GHz dual-core CPU, 4 GB RAM

vs.
SPSens beta 3.4 [Sheppard et al., 2013] +

up to 1500 cores of BRUTUS,
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Birth-death processes I
d independent birth-death processes: X1, . . . , Xk are
mutually independent,

∅
bk−⇀↽−
dk

Xk

Perfectly separable, a closed-form solution is
available [Jahnke and Huisinga, 2007]

p(t) =
d∏

k=1

pk(t)

bk = 1000 and dk = 1, lk = 12, d = 1, 2, 3, 4, 5, rmax [A] ≤ 8
for accuracy 5 · 10−15. T = 10, M = 569 steps.
rmax

[
p−M
]

= 6 for all d
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Birth-death processes
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Birth-death processes
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Birth-death processes
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Birth-death processes

d N ‖Ap0 ‖2
‖p0 ‖2

‖Ap−M ‖2
‖p−M ‖2

reff ∆`2 TIME

1 212 1.4 +3 1.0−3 3.53 1.9−5 87
2 224 2.4 +3 1.4−3 3.42 2.3−5 704
3 236 3.5 +3 1.8−3 3.38 3.5−5 1548
4 248 4.5 +3 2.0−3 3.37 3.6−5 2516
5 260 5.5 +3 2.3−3 3.36 3.5−5 3544

reff = reff
[
p−M
]
, ∆`2 = ∆`2

[
p−M
]
, computational TIME in

seconds; N is the number of states taken into account

Kazeev (SAM ETHZ) Pro*Doc Retreat 2013 Kloster Disentis 15.08.2013 p. 19



Master Eq. TT and QTT CME operator hp-DG Experiments Steady states Conclusion Bib

Enzymatic futile cycle
Enzymatic futile cycle [Schwender et al., 2004, Samoilov et al., 2005]

X + Ef
+

k+1−−⇀↽−−
k+2

Eb
+, X∗ + Ef

−
k−1−−⇀↽−−
k−2

Eb
−,

Eb k+3−−→ Ef
+ + X∗, Eb

−
k−3−−→ Ef

− + X.

Ef
+

X

Eb
+

Eb
� Ef

�

X⇤

Ef
+

Ef
�

Saturday, February 2, 13
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Transposed QTT, “QT3” [Oseledets, 2010b]

Instead of the ordering

j1,1, . . . , j1,l︸ ︷︷ ︸
1st dimension

, j2,1, . . . , j2,l︸ ︷︷ ︸
2nd dimension

, . . . . . . , jd,1, . . . , jd,l︸ ︷︷ ︸
dth dimension

,

we may use

j1,1, j2,1, . . . , jd,1︸ ︷︷ ︸
1st level

, . . . . . . , j1,l, j2,l, . . . , jd,l︸ ︷︷ ︸
lth level
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Transposed QTT, “QT3” [Oseledets, 2010b]

Example
a 2-dimensional n× n-vector

x =


1

1
. . .

1

 =

(
1 0
0 1

)⊗ l

rankQTT = n, rankQT3 = 1.
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Transposed QTT, “QT3” [Oseledets, 2010b]

Theorem (Th. 2.5 in [KKNS, 2013] )
Assume that for every s = 1, . . . , R and k = 1, . . . , d the
one-dimensional propensity vector ωsk is given in a QTT
decomposition of ranks bounded by rsk. Then for A there
exists a QT3 decomposition of ranks bounded by

R∑
s=1

(
1 +

∏
k∈Ks

2

)(∏
k∈Ks

rsk

)
,

where Ks = {k ∈ N : 1 ≤ k ≤ d and νsk + ν ′sk 6= 0}.
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Enzymatic futile cycle
Runs

(A) transposed QTT
(B) transposed QTT, higher accuracy parameters
(C) transposed QTT, lower accuracy parameters
(D) standard QTT, the same accuracy parameters

max0≤tm≤0.1 rmax [Pm ] reaches
51 for (A)
359 for (D)

We compare the marginal distribution
∑

Eb,f
±
p−m to that

based on 18.6 · 109 Monte Carlo simulations (110 seconds
/ 10000 draws, over 2 · 108 seconds of CPU time overall).

Kazeev (SAM ETHZ) Pro*Doc Retreat 2013 Kloster Disentis 15.08.2013 p. 22



Master Eq. TT and QTT CME operator hp-DG Experiments Steady states Conclusion Bib

Enzymatic futile cycle
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the transposed QTT
format automatically
exploits this sparsity
pattern of the full PDF for
compression without
special input from the
user
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Enzymatic futile cycle
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Enzymatic futile cycle
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Enzymatic futile cycle
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Enzymatic futile cycle
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Enzymatic futile cycle
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Enzymatic futile cycle

10
−7

10
−6

10
−5

10
−4

10
−3

10
−2

10
−1

10
0

0

50

100

150

200

250

300

350

400

 

 
  P

m

  p
m

−

  p
m

− , truncated

maximum QTT ranks
rmax for (D) vs. tm

Kazeev (SAM ETHZ) Pro*Doc Retreat 2013 Kloster Disentis 15.08.2013 p. 24



Master Eq. TT and QTT CME operator hp-DG Experiments Steady states Conclusion Bib

Enzymatic futile cycle
run ‖Ap−m ‖2

‖p−m ‖2
reff rmax ∆`1 ERRΣ TIME

m = 210, tm = 0.1
(A) 3.5−4 13.17 27 5.7−5 2.3−5 1.073

(B) 6.5−5 12.14 25 4.6−5 6.1−7 1.603

(C) 1.3−1 12.16 24 2.3−3 2.1−3 9.872

(D) 4.1−4 60.06 109 1.1−4 1.0−4 9.233

m = M = 1332, tm = T = 1
(A) 1.8−4 13.66 27 7.2−5 2.5−5 3.703

(B) 1.1−5 12.06 25 5.7−5 6.2−7 4.213

(C) 2.5−2 12.85 24 3.3−3 1.3−3 4.033

(D) 3.7−4 58.97 107 1.7−4 1.7−4 1.524

reff = reff
[
p−m

]
, rmax = rmax

[
p−m

]
, ∆`1 = ∆`1

[∑
E

b,f
±

p−m

]
, ERRΣ = ERRΣ

[
p−m

]
are given for the truncated solution p−m ; computational TIME is given in seconds;

‖Ap0 ‖2
‖p0 ‖2

= 5.2 · 104
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Gardner switch
Toggle Switch
[Sjöberg et al., 2009, Deuflhard et al., 2008, Munsky and Khammash, 2008]

α1 = 5000, α2 = 1600, β = 2.5, γ = 1.5, δ1 = δ2 = 1.
lU = 13, lV = 12.
The initial value is zero. No transposition.
rmax [A] = 14 and reff [A] = 10.89 for accuracy 10−14.
The evaluation accuracy is EPS = 10−8.
T = 100, M = 1111 steps overall.
at t = T : ERRΣ

[
p−M
]

= 3.17 · 10−5, ∆`1

[
p−M
]

= 8.34 · 10−4

w.r.t. the PDF based on 816 million Monte Carlo
simulations (360 seconds / 1000 draws, over 3 · 108

seconds of CPU time). reff
[
p−M
]

= 8.74, rmax
[
p−M
]

= 13.
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Gardner switch
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Gardner switch
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Gardner switch
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Gardner switch
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Reversibility and Deficiency I

a CRN {S, C,R} is weakly reversible:
∀ (ν → ν ′) ∈ R ∃m ∈ N, ν1, ..., νm ∈ C such that

(ν ′ → ν1) , (ν1 → ν2) , . . . , (νm−1 → νm) , (νm → ν) ∈ R

a CRN G = {S, C,R} is reversible:
(ν → ν ′) ∈ R implies (ν ′ → ν) ∈ R
CRN↔ graph:

each complex ν ∈ C is a node,
each reaction (ν → ν ′) ∈ R is a directed edge.
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Reversibility and Deficiency II

each connected component of G is called a linkage
class
G is weakly reversible iff each linkage class of G is
weakly reversible.
deficiency of the CRN [Feinberg, 1979] :

δ = (#C − ` (G)− dim Σ) ∈ Z≥0,

where ` (G) is the number of linkage classes
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Stoichiometric compatibility classes
Recall:

stoichiometric vectors: ηs = ν ′s − νs ∈ Zd,
stoichiometric subspace: Σ = span {ηs}Rs=1.

Every c ∈ Rd induces:
a stoichiometric compatibility class

c+ Σ,

a positive stoichiometric compatibility class

(c+ Σ) ∩ Rd
>0.
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Deterministic model I
evolution of

copy numbers X = (X1, . . . , Xd)
′ ∈ Zd≥0

↓
concentrations x = (x1, . . . , xd)

′ ∈ Rd
≥0

[Kurtz, 1976, Kurtz, 1981, van Kampen, 1992]

the stochastic model transforms to

x(t) = x(0)+
R∑
s=1

ηs

∫ t

0

fs(x(τ)) dτ, or ẋ(t) =
R∑
s=1

ηsfs(x(t)) ,

for all t > 0. The rate functions: fs(x) = κs
∏d

k=1 x
νsk
k ,

x ∈ Rd
≥0.
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Deterministic model II

c ∈ Rd
≥0 is a complex-balanced equilibrium:∑

1≤s≤R:
νs=ξ

fs(c) =
∑

1≤s≤R:
ν′s=ξ

fs(c) for all ξ ∈ C,

if δ = 0, then a steady state is admitted iff the CRN is
weakly reversible
if the CRN is weakly reversible, there is precisely one
steady state within each pos. stoch. comp. class

[Feinberg, 1979]
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Steady states of the stochastic model
Theorem (Th. 6.1 in [Anderson et al., 2010] )
Let c ∈ Rd

>0 be a c.-b.e., then
(a) the stochastic model admits the stationary distribution

p:

pi = M
d∏

k=1

cikk∏ik
jk=1 θk(jk)

, i ∈ Z,

provided that p is summable; if Z is an irreducible
communicating class of X, then p is a unique
stationary distribution;

(b) for every closed, irreducible communicating class
G ⊂ Z of X the stochastic model admits such a
stationary distribution p on G.
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QTT ranks of the factors I
Theorem (Th. 22 in [K. and Schwab, 2013] )

Let λ > 0, α = π
(√

2
5
− 1

2

)
and 1 ≤ 2eαλ < 2l − 1,

g(x) = λx/Γ(x+ 1), x ∈ R, and ui = g(i) , 0 ≤ i < 2l.

Suppose ε > 0 and K∞ ∈ N are such that

K∞ ≥ log2 2eλ,

K∞ ≥ log2

(
2 log2

1

ε
+ 1− log2 π

)
− 1,

and set Kl = min {K∞, l}.
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QTT ranks of the factors II
Then there exists v such that ‖v − u‖`2 ≤ ε and that can
be exactly represented in the QTT format with ranks
bounded by

r = r0+3 (Kl − k0)

(
2 + logρ

2C1

ε

)
+

3

4β
(Kl − k0 − 1) (Kl − k0) ,

where r0 = 2
√
eα+1λ, k0 = dlog2 e

α+1λe and

C1 =
2C

ρ− 1
, C =

eα√
1− e−3π

√
π

(
2

5

) 1
4

,

β = log2 ρ, ρ = 2 +
√

3
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QTT ranks of the factors III
Lemma (Lm. 24 in [K. and Schwab, 2013] )

Let ϑ, λ > 0 and υ, l ∈ N. Then u with the entries

ui =
λi∏i

j=1 θ(j)
, 0 ≤ i < 2l,

where
θ(x) =

ϑx

υ + x
for all x > 0,

can be represented in the QTT format with ranks bounded
by υ + 1.
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QTT ranks of p
Mass-action kinetics

rsk = O
(
log

1

εsk
· log nk

)
+O

(
log2 nk

)
,

To achieve an accuracy ε, we set εk = ε
d

‖p‖`2
‖pk ‖`2

, then

r = O
(
c

1
2

)
+O

(
log

d

ε
· log n

)
+O

(
log2 n

)
n ≥ n1, . . . , nd and c ≥ c1, . . . , cd For large n:

r = O
(
c

1
2

)
+O

((
log

d

ε

)
· log log d

ε

)
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QTT ranks of p

Michaelis–Menten kinetics
For the kth species:

rk = υk + 1

bounds the corresponding lk − 1 QTT ranks of p

Mixed kinetics

→ the maximum of the two
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Conclusion

a novel, “ab-initio” computational methodology for the
direct numerical solution of the CME was proposed
and showed to be superior to existing approaches
the low-rank QTT structure of the CME operator and,
for weakly reversible CRNs of zero deficiency, of
steady states is proved
the use of tensor structure yields very efficient
dynamic adaptation of the effective state space,
(“principal components”, “basis elements”),
outperforming the compression of the conventional
methods
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Petri Nets

the same model,
in the theory of
distributed systems

zero-deficiency PNs:
[Angeli et al., 2007,

Mairesse and Nguyen, 2010]

PN

CRN
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Overview of tensor-structured solvers
Time discretization

1. low-order integration schemes: QTT-structured Euler θ-scheme,
see [Dolgov et al., 2011, Gavrilyuk and Khoromskij, 2011]

2. adaptive high-order integration schemes: hp-DG-QTT
[K., Reichmann and Schwab, 2012]

3. dynamics on TT manifolds: [Khoromskij et al., 2012, Lubich et al., 2012]

Solvers of linear systems

1. ALS [Holtz et al., 2010, Holtz et al., 2012, Uschmajew, 2012,
Rohwedder and Uschmajew, 2012]

2. “DMRG” [Dolgov and Oseledets, 2011]

3. Alternating Minimal ENergy methods
[Dolgov and Savostyanov, 2013a, Dolgov and Savostyanov, 2013b]
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