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Introduction
Motivation

@ Numerical optimal control,
@ Fluid-structure interaction (immersed boundary method [6]);
o F(x,t) fD f(s, t)3(x — s)ds, with Do(t) € D and Do(t) N OD = ) Vt;

Question: What happens in the case Do(t) = {x(t)}?



Parabolic equations

Parabolic equations - General setting

V C H Hilbert spaces with dense continuous embedding;

D C R? bounded convex polygonal domain;

o self-adjoint operator A € L(V, V") s.t. the associated bilinear form
a(u, v) = (Au, v) satisfies

a(u,v) < Allullvlvily,  Vu,veV, (1)
a(v,v) > A_|vl[y, VveV. (2)

e Find u € J, satisfying (in the weak sense)

Bu := 0iu + Au =f, inls =(0,T), 3)
u(0) =0. (4)

In particular: For X € C*(0, T; D) and ¢ € H*(0, T), we consider
f = c(t)ox),

where dx(¢) is the Dirac measure centered at X(t).



Parabolic equations
Sobolev spaces

(i) HY2(R,; H) as the set of functions u € L3(R,; H) such that

lu(s) — u(®)I,
1z o = il 4+/ /4—————mm<w
H/2(R;H) L2(Ry;H) v Je. s — tf

(i) Hé/z(RJr; H) as the set of functions u € H'/?(R.; H) such that

[[u(s)

2
||Hds < 00.

2 o 2
ol 2y = Nl + |

+

Remark: Equivalent to interpolation spaces [5].

Definition

For a subspace V C V, we define

Tr0 =H2(Re; H) N LR+ V),
Ti =HY2(Ry; H) N LA(R; V).




Parabolic equations
Weak formulation

We define

by (u,v) := (Du, v) +/ a(u, v)dt, Yu € Ji0, v E Ty,

Ry

where (for smooth functions)

(Du,v) = f/R (u(t), Dv(t)), dt.

Theorem (Fontes [4])

Given f € J;, there exists a unique u € Jy o such that
by(u,v) ={f,v), Vv e Js. (5)

Moreover, there exists C > 0 such that ||ul| < C|If|l 7»-
J+,0 Jr

We have J7 ~ {g € H™Y2(R; H) + L2(R; V*) | supp (g) C R+}.
Note: if YV = V, we obtain well-posedness of the original problem.



Parabolic equations
Increased regularity

For A€ L(V, V™), we define
D(A):={ve V| AveH}.

Reminder: We assume that A is a self-adjoint operator associated to a
coercive and continuous bilinear form.

If f € H'(Ry; H), it holds u € H*(Ry; H) N H3(Ry; D(A)) and there exists
C > 0 such that

1l sy o0y < €Il m -

Proof: Similar to the one presented in Evans [3].



Numerical Approximation
Discretization

@ Assume V = V) is finite dimensional:

o Semidiscrete problem (space approximation): find
up € Xp := Hy?(Ry; H) N L2(Ry; Vi) such that

(Duh,vh)—i—/ a(um i) = (Fv), YV E Y, (6)

Ry

where Y, := HY2(R,; H) N L2 (Ry; V).

o Time stepping: For a time step At and 0 € [0,1], we set ug = 0 and
consider

(Ujy1 — uj, va)y + Ata(uf, vh) = At <6~9, vh>, Yvh € Vb, jEN, (7)

where v = Quj1 + (1 — 0)u; and £ ~ f(jAt).



Numerical Approximation

Analysis of the time discretization - Operators

For pn € L*(Ry; H), we define:
o Prolongation operator mh, : (>(H) — L*(Ry; H):

mh.8(t Zg, ( ) teR,, ge A(H);
o Restriction operator plx, : L>(Ry; H) — (*(H)

1 t . ,
(Pae8); = At/ g(t)n (E_’) dt, €N, g€ L*(Re;H);

o In particular 7o := 7%° and 71 := 74! (same for p) for

Yo(t) :=x0,1)(t),
14+t if —1<t<0,
Pi(t) =< 1—t if0<t<1,
0 otherwise.

Goal: Obtain stability and convergence results in the J,-norm.



Numerical Approximation

Analysis of the time discretization - Stability

@ 0 >1/2: assume ||7rof||JI < oco. Then there exists a constant
C = C(A-, ;) > 0 such that

0
Hmu HJ+ <C ||W0f||ji .
Moreover, if 0 # 1/2, there holds
(20 = 1) [|mull 7, ; < Cllmof 7 -

0 < 1/2: assume that ||mof|| 2z, ) < o0 and

- h*X_
< Ch ! A o
||Vh||\/ —= G HVhHH7 t< C2 (1720)A3— (8)

inv

Then there exists C = C(A—, Ay+) > 0 such that

(1 =20) |mull 7, ; < Cllmofll o, ve) -




Numerical Approximation

Analysis of the time discretization - Convergence

We define:

T =H*(Ry; H) N Hy (R4 V),
ST =H'(Ry; V).

Theorem

Let § € [0,1], f € J; and set f = pif. Assume that u, € J° and f € S}°
and if < 1/2, assume moreover that the CFL and inverse conditions (8) hold.
Then there exists C > 0 such that
0
Huh ~mu HJ+ < CAt (||uh||ﬁ,0 + HfHSi,o) . (9)

Moreover, for 6 # 1/2, there holds

126 — 1] lu — muull 5, < CAt (Jlunll jro + [l g10) - (10)

Proof: Based on Baiocchi & Brezzi [1], which prove the previous results on R.



Numerical Approximation

Analysis of the space discretization - A special setting

Setting:
o Av = —div (A(x)Vv) for a symmetric matrix A € (W">°(D))
that there exists A_ > 0 satisfying

2Xx2
such

2
ST A& > A [P, VxeD;

ij=1

o H:=[?*(D), V := H}(D), where D C R? is a bounded convex polygonal
domain;
o for an admissible shape regular mesh Tj:

vr €PNT), Te 77,},

V= V(Th) == {v € C°(D)

where P*(T) is the set of polynomials of degree at most 1 on T € Tp;
Remark: In that setting, the inverse condition thHHl%(D) < Guh™! ||Vh||L2(D)
holds.



Numerical Approximation

Analysis of the space discretization - A special setting

Regularity:

In the previous setting, we have that D(A) = H*(D) N Hy(D).

It follows f € H'(Ry; L2(D)) = u € H*(Ry; L3(D)) N Hy (R+; H*(D) N Hy(D)).
Convergence:
We define

T4 = HYA (R H (D)) N (R H(D) 1 HA(D)).

There exists C > 0 such that if u € jfl(l), there holds

lu = unllz, o < Chllull 7o -




Numerical Approximation

Convergence of the space-time discretization

Wrapping up everything, we obtain the main convergence result:

Theorem

Let 6 € [0,1], f € H'(Ry; L?(D)) and set f = pif. If6 < 1/2, assume
moreover that the CFL condition (8) holds. Then there exists C > 0 such that

= ”1“9HJ < C(h+ A1) Il g,z
+

Moreover if 6 # 1/2, there holds

C
|u—mull;, < 2o=1| (h+ D) 1|l e, 20 -

Reminder: 7, = H2(R; L2(D)) N L2(Ry; Hi(D)).
Remark: The ingredients to get this result are:
@ The convergence results for the space and time discretizations;

@ The regularity result stated above.



Moving Point Source
Moving point source - Regularization

We consider
Bu := 0:u+ Au =f, inls =(0,T)
u(0) =0,

for
f= C(t)(sx(t) .

Problem: For any t € R, we have dx(;) € H '(D) (Sobolev's embedding).
Idea: Regularize in space: for ¢ > 0, consider

f(t) :== ﬁ c(t)xo,. |

where xp, . is the characteristic function over
Dy, := {(Xi(t) + rcos(8), Xo(t) + rsin(0)) | r € [0, r-(0)], 6 € [0,27]},

assuming cie < r.(0) < ce for some constants ¢, ¢ > 0.



Moving Point Source
Moving point source - Convergence

We denote:
@ u. as the solution of (5) for f = f;
@ u. as the solution of (7) for f = p1fe;
It follows that for 6 € [0, 1] (under the CFL condition for 6§ < 1/2)

C
] u: —mul]| < C(h+ B0 [l zop ~ T (h+ A8).
+
IF 9 £ 1/2:
c®
e = mull . < € (h+ ALY L, w20y = g (h+ At),

with C(0) — oo as 6 — 1/2.



Moving Point Source

Moving point source - A qualitative example
o D=[-1,1]% T =0.5;

0 =102

e At=5-10"*% h~8-1073 60 =1;

u
125 Ew.z

o
®

o
S

anna s e IRRARRRRRRARRRSY

Computations performed with the C++ library deal.II [2]



References
Next steps

@ We can show that

mxgm 1) ~ +/|log(e)| = derive bounds for

the L>(R.; L?(D))-norm with respect to the H'(R4; H™'(D))-norm of the
right-hand side;

o Computational results;
@ Other equations;
@ 3D problems;

@ Uncertain data.
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